
This article was downloaded by: [Siauliu University Library]
On: 17 February 2013, At: 06:46
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered
office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH, UK

Advanced Composite Materials
Publication details, including instructions for authors and
subscription information:
http://www.tandfonline.com/loi/tacm20

Characterization of composite material
properties using eigenstrain method
Ngoc-Trung Nguyen a , Khanh-Hung Nguyen a , Christian Licht b ,
Yong-Bin Park a , Jin-Hwe Kweon a & Jin-Ho Choi a
a Department of Aerospace Engineering, Research Center for
Aircraft Parts Technology, Gyeongsang National University, Jinju,
Gyeongnam, 660-701, South Korea
b Laboratoire de Mécanique et Génie Civil, Université de
Montpéllier 2, UMR 5508 CNRS, Montpéllier, France
Version of record first published: 25 Oct 2012.

To cite this article: Ngoc-Trung Nguyen , Khanh-Hung Nguyen , Christian Licht , Yong-Bin Park ,
Jin-Hwe Kweon & Jin-Ho Choi (2012): Characterization of composite material properties using
eigenstrain method, Advanced Composite Materials, 21:4, 299-313

To link to this article:  http://dx.doi.org/10.1080/09243046.2012.736347

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-
conditions

This article may be used for research, teaching, and private study purposes. Any
substantial or systematic reproduction, redistribution, reselling, loan, sub-licensing,
systematic supply, or distribution in any form to anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation
that the contents will be complete or accurate or up to date. The accuracy of any
instructions, formulae, and drug doses should be independently verified with primary
sources. The publisher shall not be liable for any loss, actions, claims, proceedings,
demand, or costs or damages whatsoever or howsoever caused arising directly or
indirectly in connection with or arising out of the use of this material.

http://www.tandfonline.com/loi/tacm20
http://dx.doi.org/10.1080/09243046.2012.736347
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


Characterization of composite material properties using eigenstrain
method

Ngoc-Trung Nguyena,1, Khanh-Hung Nguyena, Christian Lichtb, Yong-Bin Parka, Jin-Hwe
Kweona* and Jin-Ho Choia

aDepartment of Aerospace Engineering, Research Center for Aircraft Parts Technology, Gyeongsang
National University, Jinju, Gyeongnam 660-701, South Korea; bLaboratoire de Mécanique et Génie

Civil, Université de Montpéllier 2, UMR 5508 CNRS, Montpéllier, France

(Received 27 January 2011; accepted 16 July 2012)

A technique to solve the periodic homogenization problem is described systematically in
this work. The method is to solve the cell problems by imposing eigenstrains in terms of
thermal or piezoelectric strain to the representative volume element. Homogenized
coefficients are then calculated from stress solutions of those cell problems. Benefit of the
proposed technique is that it is readily applicable for common finite element softwares
regardless of using user subroutines. Several numerical examples are examined. The
obtained results show good agreements with the published data.

Keywords: homogenization; composite materials; microstructure; eigenstrain; periodicity

1. Introduction

High-performance composites have been introduced recently, thanks to the modern and effec-
tive manufacturing processes [1]. These materials often have multiple phases and complex
microstructures. Even when the properties of the constituents are isotropic, the effective
behavior of the composite can be anisotropic according to the shape and orientation of the
different phases. Generally, the composite materials can thus become strongly inhomogeneous
and anisotropic depending on both their complex microstructure and behaviors of the constit-
uents. Characterization of such materials is necessary for the structural design or analysis.
Typically, specific experimental tests should be conducted to obtain essential material proper-
ties. However, for prediction of a new designed microstructure of composite materials, speci-
men preparation and testing tasks are always expensive and time consuming. The numerical
simulation, as an alternative ‘virtual testing’ way, can almost promptly provide information
about the effective macroscopic properties. A numerical analysis can also predict the overall
property variations of the material due to the corresponding material behavior of the constitu-
ents and the microstructure architecture parameters [2,3].

Generally, there are two different scales associated with microscopic and macroscopic
behaviors to describe a microstructured heterogeneous composite material [4,5]. The first one
is a macroscale, denoted by the slowly varying global variable x, at which the heterogeneities
are invisible. The other is for the material microarchitecture of heterogeneities’ size and
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referred as the microscale, denoted by the rapidly oscillating local variable y. To model a
structure of such kind of material using the finite element method (FEM), one should utilize
models with very fine mesh so that the details at the microscale size of heterogeneities can be
captured. That leads to a very expensive computational cost and sometimes it is impossible to
perform the analysis due to extremely high requirements of computer resources. Instead, a
so-called homogenization process can be used to characterize the heterogeneous material as a
homogenized one and then, the equivalent material properties are used in the simulation of
the whole structure as in a normal FEM analysis [3].

Homogenization is a process of finding a homogeneous ‘effective’ material that is energet-
ically equivalent to a microstructured heterogeneous material [2]. That means, an object of
the equivalent homogenized material behaves in the same manner as the original one when it
is subjected to usual loadings. Specifically, homogenization method aims to calculate the
effective elastic properties of a highly heterogeneous media by averaging over an assumed
statistical homogeneous volume. The conditions for such a volume to be chosen as a Repre-
sentative Volume Element (RVE) are sufficiently large at the microscale and sufficiently small
at the macroscale and structurally typical of the entire composite material on an average [6].
For a different approach, the RVE size affects the obtained results [7,8]. However, when the
ratio of the RVE size to the body dimensions under consideration tends to zero, the results
converge to exact solution. Among various approaches to predict the effective properties of
composites, the mathematical homogenization method with the periodicity assumption over a
basic cell (or a representative volume element) is preferable due to its rigorous mathematical
background and the ease to implement [3,9,10]. Based on this method, different approaches
can be used to obtain the equivalent properties of the highly heterogeneous periodic media.
Researches on the homogenization problems are devoted to either making an in-house code
[9,10] or writing user-subroutines in commercial softwares [11] to study some particular
cases. These approaches, on one hand, are flexible and have facilitated to the researchers and
skillful software users, but on the other hand, can be burdensome to the engineers who have
less skill.

In the present work, we formulate the homogenization problem for a periodic heteroge-
neous media and focus on a so-called eigenstrain technique to solve the homogenization
problems using commercial FEM softwares. The eigenstrain technique solves the basic cell
problems by applying a prescribed eigenstrain as a given local macroscopic scale strain at the
material point associating with the basic cell. In cooperation with the commercial FEM soft-
wares, e.g. ANSYS®, MSC PATRAN®/NASTRAN®, MARC®, or the likes, the eigenstrain
technique can solve the homogenization problems regardless of using any user-subroutine.
The method is then used to characterize the mechanical properties of some composite
materials having complex microstructures.

The paper is organized as follows: the next section briefly introduces the homogenization
problem and its variational formulation; the following section focuses on the background of
the eigenstrain method. Section 4 is devoted to examine several numerical examples and to
compare the obtained results with the published ones; and finally, the last section presents
some discussions and concludes the study in this paper.

2. Formulation of the homogenization problem

Consider a body X constituted by a heterogeneous material with the heterogeneities being
distributed in a periodic way. A basic cell Y (in microscopic scale) consisting of various
phases is a representative of the microstructure of the highly heterogeneous media:
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Y ¼ fy 2 R3 : 0 � yi � Yi; i ¼ 1; 2; 3g ð1Þ

Let e be a small real number and eY ¼ fx 2 R3 : 0 � xi � eYi; i ¼ 1; 2; 3g represents
the whole space by reproducing the cell eY , as shown in Figure 1. Intersection of this infinite
medium with a bounded domain of body X defines a highly heterogeneous medium because
the heterogeneities are eY -periodic, where, e characterizes the ratio between the microstructure
scale and the structure scale. In other words, the body under consideration is formed by
repeating the microstructure Y e ¼ e� Y . The spatial period is described by an element vol-
ume Y e. Therefore, Y is a reference cell which contains all the relevant information about the
microstructure. The mathematical theory of the homogenization method concerns composite
media whose microstructure occupies a fixed region with characteristic length e. It is proved
that, as e goes to zero, the composite structure behaves as it were occupied by an equivalent
homogeneous medium and that the actual displacement tends to the homogenized displace-
ment field, which is a solution of the governing equations whose coefficients have been
homogenized [5,12].

The stress and strain fields of a periodic heterogeneous media depend on the two vari-
ables: x in the macroscopic scale and y in the microscopic scale. They have different values
at different locations x in the global sense. However, their local variations – taken into
account their dependence on y – are supposed to be periodic [13]. Due to the eY periodicity
of geometrical and mechanical properties of the medium, we look for fields in the forms of:

reðxÞ ¼ rðx; x=eÞ and eeðxÞ ¼ eðx; x=eÞ ð2Þ

where, y # rðx; yÞ and y # eðx; yÞ are Y-periodic functions. Generally, a function
y # f ðx; yÞ describes fluctuations of the microscopic field in the eY vicinity of a macroscopic
scale point x, whereas the macroscopic fields are determined as volume averages over the
basic cell 1

jY j
R
Y f ðx; yÞdy. The macroscopic stress and strain fields are namely,

X
¼ hrðx; yÞi ¼ 1

jY j
Z
Y

rðx; yÞdy and E ¼ heðx; yÞi ¼ 1

jY j
Z
Y

eðx; yÞdy ð3Þ

where, h�i stands for the volume averaging operator and jY j is the volume of the basic cell.
The strain is infinitesimal and its components are defined as:

eijðvÞ ¼ 1

2

@vi
@yj

þ @vj
@yi

� �
ð4Þ

Figure 1. The macroscale and microscale of the homogenization problem.
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Using the periodicity conditions, the displacement of the unit cell is decomposed into an
average term and a fluctuating term [13]:

u ¼ Eyþ v or uij ¼ Eijyj þ vi ð5Þ

where, E is the prescribed average value of strain field and y 2 Y # viðx; yÞ is Y-periodic or
the fluctuation (oscillatory) term viðx; �Þ takes equal values on the opposite faces of @Y .

The local strain is also split into its average and a fluctuating term:

eðuÞ ¼ E þ eðvÞ and heðvÞi ¼ 0 ð6Þ

Consequently, the fields of the form y 2 Y # w ¼ Eyþ vðx; yÞ are called the fields with
periodic deformation, denoting by the set V per ¼ PDðY Þ. Then, we have:

w 2 PDðYÞ ) heðwÞi ¼ E ð7Þ

Depending upon the condition of the prescribed macroscale quantity, we have two types
of approaches: the strain approach and the stress approach. This study only gives the formula-
tion of the homogenization problem using the strain approach in which the macroscale strain
is given. The interested reader is referred to [14,15] for the stress approach.

Let a and y be the heterogeneous elasticity coefficients, E be the prescribed macroscopic
strain, and the microscopic fields ðvE; rEÞ be the solutions of the boundary value problem:

ðPEÞ
rE ¼ a½E þ eðvEÞ�
divrE ¼ 0 in Y
vE Y -periodic; rEn antiperiodic on opposite faces of @Y

8<
:

Periodicity is specified as the boundary conditions to make the problem well posed. The
problem (PE) admits a unique solution (up to a constant field for uE) [13], thus the macro-
scopic stress is determined by RE ¼ hrEi

The homogenized elasticity coefficients relate the macroscopic stress and strain:

XE
¼ ahomE

Because E 2 S3 ¼ f3� 3 symmetric matricesg and if feigi¼1;2:3 is the canonical basis of
R3, then the basis tensors of S3 are

T kl ¼ ek �S e
l ¼ 1

2
fek � el þ ek � elg i:e:; ðTklÞij ¼

1

2
ðdijdjl þ dildjkÞ ð8Þ

where, d is the Kronecker symbol.
The fluctuating displacement vkl is the solution of the cell problem ðPT klÞ, i.e. the

microscopic fields ðvkl; rklÞ are induced by the elementary macroscopic strain T kl:
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ðPTklÞ
rkl ¼ a½T kl þ eðvklÞ�
divrkl ¼ 0 in Y
vkl Y -periodic; rkln anti-periodic on opposite faces of partial Y

8<
:

By superposition of these elementary solutions, we have vE ¼ Eklvkl. Consequently, the
macroscale stress is calculated as:

XE
ij

¼ haeðuEÞiij ¼
1

jY j
Z
Y

aijpqepqðEyþ vEÞdy ¼ 1

jY j
Z
Y

aijpq ðT kl þ epqðvklÞÞ
� �

dy

� �
Ekl

¼ 1

jY j
Z
Y
aijpqepqðuklÞ dy

� �
Ekl ¼ ahomijkl Ekl

where, ahomijkl are the homogenized elasticity coefficients and are determined by:

ahomijkl ¼ 1

jY j
Z
Y

aijpqepqðuklÞ dy
� �

Ekl ¼ haeðuklÞiij ¼ haijpqepqðuklÞi ¼ hrkliij ð9Þ

That means the elasticity coefficients ahomijkl are the ij-components of the macroscopic stress
when the macroscopic strain is T kl .

Generally speaking, to obtain the effective mechanical properties ahomijkl of a periodic heter-
ogeneous material, the solutions of the six cell problems ðPT klÞ are required.

Applying the Green’s formula, the variational formulation of the six cell problems ðPTkl Þ
is given by:

ðPTklÞ
Find vkl Y -periodic such thatR
Y

aeðvklÞ eðuÞdy ¼ � R
Y

aeðuÞdy 8u Y -periodic

(
ð10Þ

Explicitly, the problem can be rewritten in the matrix form as:

Find vkl Y -periodic such thatR
Y e

T ðuÞDeðvklÞdy ¼ � RY eTðuÞdqdy 8uY -periodic

�
ð11Þ

where, D ¼ ½ d1 d2 d3 d4 d5 d6 � is the usual elasticity matrix aijkl expressed in
matrix notation. Applying the finite element technique [10], Equation (11) can be rewritten
as:

Find vkl Y -periodic such that
ðRY BTDBdyÞvkl ¼ � RY BTdqdy q ¼ 1; 2; :::; 6

�
ð12Þ

in which B is the strain-displacement matrix. One may implement an in-house finite element
code to solve Equation (12) and then to compute the homogenized coefficients according to
(9) without difficulty [9,10]. Moreover, the user can also develop a user-subroutine in a
commercial FEM software environment to solve the above cell problems [11].

If we use a discretization by finite elements of Y, it is difficult to get a basis of
V per ¼ fY -periodic fieldsg. It is more efficient to consider a discretization by finite elements,
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say V h, of all the fields defined on Y and to work with V h and impose periodicity conditions
after. Thus, the problem (12) implies a system of Equations (13) and the accompanied period-
icity conditions:

vTKu ¼ vTL ð13Þ

Here, K and L are the stiffness matrix and the ‘nodal load’ vector, respectively. The peri-
odicity conditions of vkl in the cell problems must be imposed through constraint equations to
reflect the repeatability of the microstructure. The treatment of such constraint equations can
be one of the following: elimination, Lagrange multiplier method, penalty method, and aug-
mented Lagrangian method [16,17]. Commercial FEM softwares always supply utilities to
handle with such constraint. The CP command in ANSYS® and MPC function in MSC.
PATRAN® can be used to define the periodicity conditions. Moreover, for particular prob-
lems with symmetric microstructure, only a part of the unit cell is modeled and the periodic-
ity conditions can be reduced to the conventional boundary conditions [10]. A study on
alternative methods and comparison of computing time among them can be found in [18].
Method to ensure strain periodicity for a hexagonal unit cell by imposing the kinematic
boundary conditions is also introduced [19].

3. The eigenstrain technique

There are several approaches to solve the cell problems, such as implementing a finite ele-
ment code [9,10], writing a user-subroutine in a commercial FE package, and using spe-
cial techniques to make the homogenization problems become regular to be solved by
FEM. The latter is of interest because it requires less effort and skill to solve the problem
with a commercial software at hand. Common techniques in use are the fictitious volumet-
ric force method [13,16,20], the isostrain (Voigt) method [13,20], and the isostress (Reuss)
method [13]. Whereas the first one is not suitable for complex microstructured media, the
other two do not guarantee the periodicity of the problem. Moreover, the isostrain method
often overestimates while the isostress method underestimates the homogenized properties
of a periodic heterogeneous material [13,17]. The technique used in this work, namely the
eigenstrain method, has a benefit of using a commercial FE package following several
simple steps to solve the cell problems instead of implementing a new computer code or
writing user-subroutines which are really challenging for practical engineers.

The eigenstrain terminology is first defined by Mura [21] to indicate nonelastic strains as
thermal expansion, phase transformation, initial strains, plastic strains, etc. The eigenstrain
method is named due to the fact that this technique solves the basic cell problems of homoge-
nization by applying an eigenstrain as a given local macroscopic scale at the material point
associating with the basic cell. The fact that the elementary macroscale strain state is achieved
by applying an appropriate eigenstrain makes this method distinct to the isostrain method in
which specific displacements are imposed on the boundary to obtain the macroscale strain
states. Displacements imposed on the corresponding boundary in the cell problems to achieve
the elementary macroscale strain states are:

/kl
i ¼ dikyl
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The corresponding macroscale (average) strain components due to the imposed displace-
ments are given by:

T kl
ij ¼ heð/klÞiij ¼

1

jY j
Z
Y
eijð/klÞdy ¼ 1

jY j
Z
Y

1

2

@/kl
i

@yj
þ @/kl

j

@yi

 !
dy ¼ 1

jY j
Z
@Y

1

2
ð/kl

i nj þ /kl
j niÞds

It is worth noting that, for the isostrain method, the periodicity condition of the
fluctuating displacement in the cell problem does not hold strictly, i.e.

heðvklÞi–0

This is because the imposed displacements constraint to obtain the elementary macroscale
strain and the periodicity condition constraint cannot be applied simultaneously on the same
boundary.

To achieve the macroscale elementary strain state and the periodicity condition at the
same time, the eigenstrain method shows to be a suitable way.

The eigenstrain T kl can be either a thermal strain as in [22]

T kl ¼ eklthermal ¼ aklDT

or a piezoelectric strain:

T kl ¼ eklpiezo ¼ dklE

where, akl is the thermal expansion coefficient vector, DT is the temperature difference, dkl is
the piezoelectric strain matrix, and E is the electric field vector. For example, to obtain the
macroscale strain state T11, the corresponding thermal expansion coefficient is

a11 ¼ f1; 0; 0; 0; 0; 0gT and the temperature DT ¼ 1 if the eigenstrain is chosen as a thermal
strain. If a piezoelectric strain is applied then the piezoelectric strain matrix is:

d11 ¼
1 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

2
4

3
5

T

and the electric field vector is E ¼ f1; 0; 0gT . Similarly, the other macroscale strain states can
be achieved by applying an appropriate eigenstrain with the corresponding fictitious material
properties akl or dkl .

In general, the steps to solve the cell problems with a commercial FE software using the
eigenstrain technique can be summarized as follows:

(1) Build the model of the basic cell.
(2) Define and assign the material properties for each constituent.
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(3) Control the meshing process so that nodes located on opposite faces/sides of the cell
model are identical .

(4) Apply the periodicity conditions.
(5) Assign the fictitious material properties to the whole model to achieve a desired ele-

mentary macroscale strain state (the eigenstrain).
(6) Solve the problem.
(7) Calculate the homogenized elasticity coefficients using stresses at Gauss points of the

elements according to:

ahomijkl ¼ 1

jY j
Z
Y
rkl
ij dy ¼

1

jY j
XNGP
GP¼1

rkl
ij ðyGPÞwðyGPÞJðyGPÞ ð14Þ

where, rklij ðyGPÞ is the stress component, wðyGPÞ and JðyGPÞ are the weight and Jacobian at
the sampling points yGP, respectively.

In the next section, several numerical examples are investigated to validate the proposed
technique. The demonstrations are done by using various commercial FE softwares including
ANSYS®, MSC. PATRAN®/NASTRAN®, and MARC®. However, other FE packages are
applicable to solve the cell problems following the above steps.

4. Numerical examples

4.1. Example 1: honeycomb microstructure

A honeycomb microstructure problem is studied as the first benchmark to verify the
method and to compare with the published results [10]. Thanks to the symmetry of the
problem, only a quarter of the base cell is modeled as shown in Figure 2. The given
dimensions are: a= 3�3/4 and t/a =

ffiffiffi
3

p
=6. The material is isotropic with Young’s modulus

E = 0.91 and Poisson ratio υ= 0.3. All units are assumed consistent. For the sake of sim-
plicity, following notations are used: ahom1111 ¼ C11, ahom1122 ¼ C12, and ahom1212 ¼ C66. The pre-
dicted properties using eigenstrain method and other methods [9,10] are given in Table 1.
As shown in the table, the results of the current method show good agreement with the
ones in references.

(a) (b)

Figure 2. Geometry and FEM model of the unit cell in Example 1.
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4.2. Example 2: unidirectional fiber-reinforced composite (with a three-dimensional [3D]
model)

A three-dimensional (3D) model of the AS4/3501–6 graphite/epoxy unidirectional fiber-rein-
forced composite material with fiber volume fraction of 60% and the corresponding constitu-
ent properties given in Table 2 is studied to compare with Ref. [23]. The FE model of a RVE
is shown in Figure 3.

In Ref. [23], the effective elastic moduli of the composites are determined by FE analysis
of the RVE using the relation between the average stresses and strains and the strain energy
equivalence principle. As shown in Table 3, the obtained properties of the composite materi-
als by the eigenstrain method agree very well with the existing predictions and experimental
data of [23] and therein references.

4.3. Example 3: 3D nonwoven textile composite

To demonstrate the applicability of the eigenstrain method to a wide range of composite
materials, we consider a problem with more complex microstructure, the orthogonal nonwo-
ven composite. Adopting a model from [24,25], the FE model of the unit cell and material
properties of constituents are given in Figure 4 and Table 4, respectively.

A good consistency between the obtained solutions in this study and the results from the
extended finite element method (X-FEM) or the ones from a study using an in-house FEM
code in references is shown in Table 5.

4.4. Example 4: woven composite material

The method is also used to characterize the material properties of a woven composite model
and compare with the results given in [26]. The geometrical and material models are shown
in Figure 5. The mechanical properties of boron fiber and aluminum matrix are: Ef = 400
GPa, νf = 0.3 and Em= 72 GPa, νm= 1/3. A good agreement is obtained between the current
study using eigenstrain method and the reference, as shown in (15). The left values are pre-
dicted using the current method while the right ones are the average results from the reference
[26].

Table 1. Comparison of results in Example 1.

C11 C12 C66

Present study (752 4-node elements) 0.0967 0.0720 0.0123
9072 4-node elements [10] 0.0958 0.0713 0.0125
9520 4-node elements [10] 0.0968 0.0720 0.0124
752 9-node elements [10] 0.0966 0.0720 0.0123

Table 2. Material properties of AS4 and 3501-6.

Material E1 (GPa) E2 (GPa) G12 (GPa) υ12 υ23

AS4 235 14 28 0.2 0.25
3501-6 4.8 4.8 1.8 0.34 0.34
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Figure 3. The FE model of the RVE in Example 2.

Table 3. Comparison of results in Example 2.

E1 (GPa) E2 (GPa) G12 (GPa) G23 (GPa) υ12 υ23

Present study 142.8 9.6 6.1 3.2 0.25 0.35
Ref. [23] (FEM) 142.6 9.6 6 3.1 0.25 0.35
Ref. [23] (Experiment) 139.0 9.85 5.25 0.3

Figure 4. The FE model of a unit cell in Example 3.

Table 4. Material properties of constituents in Example 3.

Material E (GPa) G (GPa)

Fibers 72.0 27.7
Matrix 3.5 1.3

308 N.-T. Nguyen et al.
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½ahomwoven� ¼

121:3=120:2 58:3=58:0 57:4=57:2 0=0 0=0 0=0
58:3=58:0 118:0 58:3=58:1 0=0 0=0 0=0
57:4=57:2 58:3=58:1 121:3=120:6 0=0 0=0 0=0

0=0 0=0 0=0 31:4=30:5 0=0 0=0
0=0 0=0 0=0 0=0 31:4=29:9 0=0
0=0 0=0 0=0 0=0 0=0 30:4=30:5

2
6666664

3
7777775

ð15Þ

4.5. Example 5: composite material with randomly distributed spherical particle

The unit cell model is first generated by GeoDict2009® (licensed by Dr. Andreas Wiegmann
at ITWM, Germany, www.geodict.com) and then transferred into the FE environment, e.g.
MSC. PATRAN®, as shown in Figure 6. The particle volume fraction is 30%, the radius of
particles to unit cell length size ratio is chosen as L/D= 10/3 [26]. The material properties of
constituents are given in Table 6.

The GeoDict2009® program generates voxel (cubic) elements with the periodic option in
x, y, and z direction to guarantee the periodicity constraints of opposite faces. Calculation has
been made with different mesh configurations and reported in Figure 7. Due to the random
property of the distribution of particles in the model and the usage of voxels to approximate
the spherical geometry, the obtained results have a slight difference compared to the referred
ones. However, the discrepancy is acceptable, about 7%, 3%, and less than 1% for the
25� 25� 25, 50� 50� 50, and 75� 75� 75 mesh configurations, respectively.

Although the GeoDict2009® model approximates the geometry with certain errors by
using voxel elements, we can have a benefit of using such cubic elements. The homogenized
coefficients determined by Equation (14) are now evaluated with less effort by using the
constant value 1/8 of the element volume for the Jacobian.

Table 5. Comparison of results in Example 3.

C11 C12 C66

Present study 21 5.4 3.4
X-FEM [24] 21.5 5.6 3.5
FEM code [25] 21.1 5.3 3.4

Figure 5. The geometrical model and finite element model used in Example 4.
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4.6. Example 6: Glass/alumina two phase material with imperfect bonding

In previous examples, matrix and fiber in the composite are assumed to be perfectly bonded
and, therefore, there is no separation between them. However, consideration of the damage of
the interface is necessary to accurately predict the behavior of multiple phase composites.

One of the methods to consider the debonding at the interface is to use interface elements
(or cohesive elements) which are currently provided in several commercial softwares to simu-
late the onset and propagation of delamination. These elements have zero thickness and are
modeled at the interface of the constituents of a composite material. The constitutive behavior
of these elements is usually expressed in terms of tractions vs. relative displacements between
the top and bottom edge/surface of the elements (traction-separation curves). Several constitu-
tive laws have been proposed in the literature to express the behavior of these elements [27].

Figure 6. The GeoDict2009® model and the FE model of the RVE in Example 5.

Table 6. Material properties of constituents in Example 4.

E (GPa) υ

Particle 450 0.17
Matrix 70 0.3

0
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Reference

Figure 7. Converged results with respect to the mesh density in Example 5.
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In this example we characterize the properties of the glass/alumina composite with consid-
eration of the imperfect bonding of the constituents. The model in this example is based on
the reference [28], where the isostrain method is used to obtain the homogenized properties.
The cohesive elements are modeled along the interface of constituents. A typical FE model of
the RVE with the fiber volume fraction of 45% is shown in Figure 8a. The matrix (Em= 68
GPa, νm= 0.21) and the fiber (Ef = 340 GPa, νf = 0.24) are considered as isotropic materials. A
typical exponential traction–separation curve, shown in Figure 8(b), is applied for the consti-
tutive behavior of the cohesive elements. The maximum normal traction at the interface is
tmax = 1000MPa, the corresponding critical normal and shear opening displacement are
δn = δt = 1 μm. These two cohesive parameters are identified from the experiment work in
[28].

An increase of the fiber volume fraction, in a natural way, increases the elastic modulus
of the material, as shown in Figure 9. The imperfectly bonded interface made the structure

(a) (b)

Figure 8. (a) The RVE model in Example 6 and (b) A typical exponential traction–separation curve to
model the decohesive phenomenon at the fiber/matrix interface.

Figure 9. Elastic modulus of the composite with different fiber volume fractions.
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softer and, therefore, the predicted modulus is smaller than that in the case of the perfectly
bonded interface. When a perfect bonding is assumed, the prediction using the current method
and the one in the reference are very close to each other up to a value of the fiber volume
fraction about 20%. After that value, the results by the isostrain method in [28] are always
higher than the predictions by the eigenstrain method in this study. The gaps keep increasing
when the fiber volume fraction is larger. In the case of the imperfect bonding at the interface,
results from the current method and the reference are both well matched to the experimental
data.

5. Conclusion

Formulation of the homogenization problem for a periodic heterogeneous media and the
eigenstrain method to solve such problem has been presented in the current study. This
method can be applied with any conventional FE software environment. Several numerical
examples have been investigated to verify the method. The results show that the eigenstrain
method can be effectively used to characterize the mechanical properties of complex micro-
structured composites. The main advantages of this method over the others are the simplicity
and applicability for engineers and practitioners who have less programming skills. Instead of
making an in-house code or implementation of special user-subroutines in FE package, they
may use any commercial FE software at hand to characterize the mechanical properties of
multiphase composite materials with complex microstructure regardless of handling either
advanced tool or programming task.
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